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BIHARMONIC CONSTANT MEAN CURVATURE SURFACES IN
KILLING SUBMERSIONS
STEFANO MONTALDO, IRENE I. ONNIS, AND APOENA PASSOS PASSAMANI
Abstract. A 3-dimensional Riemannian manifold is called Killing submersion if it admits
a Riemannian submersion over a surface such that its fibers are the trajectories of a complete
unit Killing vector field. In this paper, we give a characterization of proper biharmonic CMC
surfaces in a Killing submersion. In the last part, we also classify the proper biharmonic
Hopf cylinders in a Killing submersion.
1. Introduction
Harmonic maps are critical points of the energy functional
(1) E(ϕ) =
1
2
∫
N
|dϕ|2 dvg ,
where ϕ : (N, g) → (N, h) is a smooth map between two Riemannian manifolds N and N .
In analytical terms, the condition of harmonicity is equivalent to the fact that the map ϕ is
a solution of the Euler-Lagrange equation associated to the energy functional (1), i.e.
(2) trace∇dϕ = 0 .
The left member of (2) is a vector field along the map ϕ or, equivalently, a section of the
pull-back bundle ϕ−1 (TN): it is called tension field and denoted by τ(ϕ). We refer to
[1, 8, 15] for notations and background on harmonic maps.
A related topic of growing interest deals with the study of the so called biharmonic maps:
these maps, which provide a natural generalization of harmonic maps, are the critical points
of the bienergy functional (as suggested by Eells–Lemaire in [8]):
(3) E2(ϕ) =
1
2
∫
N
|τ(ϕ)|2 dvg .
In [10], Jiang derived the first and the second variation formulas for the bienergy. In partic-
ular, he showed that the Euler-Lagrange equation associated to E2(ϕ) is given by
(4) τ2(ϕ) = −△τ(ϕ)− traceR(dϕ, τ(ϕ))dϕ = 0 ,
where △ is the rough Laplacian defined on sections of ϕ−1 (TN) and
(5) R(X, Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ]
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is the curvature operator on (N, h). Equation (4) is a fourth order semi-linear elliptic system
of differential equations. We also note that any harmonic map is an absolute minimum of
the bienergy and, so, it is trivially biharmonic. Therefore, a general working plan is to study
the existence of proper biharmonic maps, i.e. biharmonic maps which are not harmonic. We
refer to [4, 12] for existence results and general properties of biharmonic maps.
In this paper, we study biharmonic surfaces in the total space of a Killing submersion. A Rie-
mannian submersion π : E→M of a 3-dimensional Riemannian manifold E over a surfaceM
will be called a Killing submersion if its fibers are the trajectories of a complete unit Killing
vector field ξ. Killing submersions are determined by two functions on M , its Gaussian
curvature G and the so called bundle curvature r (for more details, see [9, 11] and Section 2)
and, for this reason, we denote them by E(G, r). A remarkable family of Killing submersions
are the homogeneous 3-spaces. In fact, with the exception of the hyperbolic 3-space H3(−1),
simply-connected homogeneous Riemannian 3-manifolds with isometry group of dimension 4
or 6 can be represented by a 2-parameter family E(c, b), where c, b ∈ R. These E(c, b)-spaces
are 3-manifolds admitting a global unit Killing vector field whose integral curves are the
fibers of a certain Riemannian submersion over the simply-connected constant Gaussian cur-
vature surface M(c) and, therefore, they determine Killing submersions π : E(c, b) → M(c)
(for more details, see [6]). A local description of these examples can be given by using the so
called Bianchi-Cartan-Vranceanu spaces (see Section 2). As it turns out, the E(c, b)-spaces
are the only simply-connected homogeneous 3-manifolds admitting the structure of a Killing
submersion (see [11]).
Our work find inspiration from the paper [14], where Ou and Wang gave a complete clas-
sification of constant mean curvature proper biharmonic surfaces in 3-dimensional Bianchi-
Cartan-Vranceanu spaces. Following their ideas we give the following characterisation of
proper biharmonic CMC surfaces in a Killing submersion which represents the main result
of the paper.
Theorem 1.1. Let S be a proper biharmonic CMC surface in a Killing submersion E(G, r)
and let φ be the angle between the unit normal vector field η of S and the Killing vector field
ξ.
a) Assume that φ ≡ π/2 on S. Then, G and r are constant along S, with G 6= 4r2,
and the surface is locally a Hopf tube over a curve with constant geodesic curvature
κ2g = G− 4r2.
b) Assume that φ 6= π/2 at every point of S, then:
b1) either grad(r) ≡ 0 on S and S is an open set of S2(1/
√
2r2) in S3(1/|r|);
b2) or grad(r) 6= 0 at every point of S and, in this case, 4r2−G 6= 0 on S, the angle
φ is determined by tan(2φ) = 2| grad(r)|/(4r2 −G) and the shape operator A of
the surface satisfies
(6) 2|A|2 = tanφ∆φ+ | grad(φ)|2.
Remark 1.2. From Theorem 1.1, by a case by case inspection, we easily deduce that a CMC
proper biharmonic surface S in a Killing submersion E(G, r) with constant angle φ must be
an Hopf tube, that is φ = π/2.
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2. Killing submersions
A Riemannian submersion π : E → M of a 3-dimensional Riemannian manifold E over a
surface M is called a Killing submersion if its fibers are the trajectories of a complete unit
Killing vector field ξ (for more details, see [9, 11]). Since ξ has constant norm, the fibers are
geodesics in E and they form a foliation called the vertical foliation, denoted by F . Most of
the geometry of a Killing submersion is encoded in a pair of functions: G, r. While the first
one, G, represents the Gaussian curvature function of the base surface M , the other one, r,
denotes the so called bundle curvature which is defined as follows. Since ξ is a (vertical) unit
Killing vector field, then it is clear that for any vector field, Z, on E, there exists a function
rZ (which, a priori, depends on the chosen vector field) such that ∇Zξ = rZ Z ∧ ξ, where ∇
denotes the Levi-Civita connection in E. Actually, it is not difficult to see that rZ does not
depend on the vector field Z (see [9]), so we get a function r ∈ C∞(E), the bundle curvature,
satisfying
(7) ∇Zξ = r Z ∧ ξ .
The bundle curvature is obviously constant along the fibers and, consequently, it can be seen
as a function on the base, r ∈ C∞(M). In the product spaces M × R the projection over
the first factor is a Killing submersion, so its bundle curvature is r ≡ 0. More generally,
using (7), it is easy to deduce that r ≡ 0 in a Killing submersion if and only if the horizontal
distribution in the total space is integrable. From now on, a Killing submersion will be
denoted by E(G, r).
The existence of a Killing submersion over a simply connected surface M , with a prescribed
bundle curvature, r ∈ C∞(M), has been proved in [11]. Uniqueness, up to isomorphisms, is
guaranteed under the assumption of simply connectedness for the total space also.
Moreover, the following result provides the existence of Killing submersions with prescribed
bundle curvature over arbitrary Riemannian surfaces.
Proposition 2.1. [2] Let M be a Riemannian surface and choose any r ∈ C∞(M). Then,
there exists a Killing submersion over M with bundle curvature r. In particular, it can be
chosen to have compact fibers.
Any Killing submersion is locally isometric to one of the following canonical examples (see
[11]) which include, as we will show later, the so called Bianchi-Cartan-Vranceanu spaces for
suitable choices of the functions λ, a, b.
Example 2.2 (Canonical examples). Given an open set Ω ⊂ R2 and λ, a, b ∈ C∞(Ω) with
λ > 0, the Killing submersion
π : (Ω× R, ds2λ,a,b)→ (Ω, ds2λ), π(x, y, z) = (x, y),
where
(8) ds2λ,a,b = λ
2( dx2 + dy2) + ( dz − λ(a dx+ b dy))2
and
ds2λ = λ
2( dx2 + dy2) ,
will be called the canonical example associated to (λ, a, b). The bundle curvature and the
Gaussian curvature are given by:
(9) 2r =
1
λ2
((λb)x − (λa)y) , G = − 1
λ2
∆o(log λ) ,
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where ∆o represents the Laplacian with respect to the standard metric in the plane.
Let {e1, e2} be the orthonormal frame in (Ω, ds2λ), where e1 = 1λ∂x and e2 = 1λ∂y, and let{E1, E2} be the horizontal lift of {e1, e2} with respect to π and E3 = ∂z. Since π is the
projection over the first two variables, there exist a, b ∈ C∞(Ω) such that
(10)


(E1)(x,y,z) =
1
λ(x,y)
∂x + a(x, y)∂z,
(E2)(x,y,z) =
1
λ(x,y)
∂y + b(x, y)∂z,
(E3)(x,y,z) = ∂z .
Note that {E1, E2, E3} is an orthonormal frame in (Ω×R, ds2) which can be supposed pos-
itively oriented after possibly swapping e1 and e2. Now it is clear that the global frame (10)
is orthonormal for ds2 if and only if ds2 is the metric given by (8). Regardless of the values
of the functions a, b ∈ C∞(Ω), the Riemannian metric given by equation (8) satisfies that π
is a Killing submersion over (Ω, ds2λ).
Equation (10) defines a global orthonormal frame {E1, E2, E3} for ds2λ,a,b, where E1 and E2
are horizontal, and E3 is a unit vertical Killing field. It is easy to check that [E1, E3] =
[E2, E3] = 0 and
[E1, E2] =
λy
λ2
E1 − λx
λ2
E2 +
(
1
λ2
(bλx − aλy) + 1
λ
(bx − ay)
)
E3.
Example 2.3 (Bianchi-Cartan-Vranceanu spaces). Particularizing the above construction,
one can get models for all Killing submersions over R2, H2(c) and the punctured sphere
S
2
∗
(c). Given c ∈ R, we define λc ∈ C∞(Ωc) as
λc(x, y) =
(
1 + c
4
(x2 + y2)
)−1
,
where
Ωc =
{
{(x, y) ∈ R2 : x2 + y2 < −4
c
}, if c < 0,
R
2 , if c ≥ 0.
Then, the metric λ2c( dx
2+ dy2) in Ωc has constant Gaussian curvature G = c. If, in addition,
we choose a = −µ y and b = µ x for some real constant µ, then one obtains the metrics of
the Bianchi-Cartan-Vranceanu spaces E(c, µ) ≡ Ωc × R ([6, Section 2.3]):
λ2c( dx
2 + dy2) + ( dz + µλc (y dx− x dy))2.
A simple computation, using (9), gives µ = r. Thus, the Bianchi-Cartan-Vranceanu spaces
can be seen as the canonical models of Killing submersions with constant bundle curvature
and constant Gaussian curvature.
Now, we want to compute the Riemannian curvature R of the total space E(G, r) of a
Killing submersion π : E(G, r) → M in terms of G and the bundle curvature r. Since
the computation is purely local, we will work in a canonical example (see Example 2.2)
associated to some functions λ, a, b ∈ C∞(Ω), with λ > 0 and Ω ⊂ R2. Koszul formula yields
the Levi-Civita connection in the canonical orthonormal frame {E1, E2, E3} given by (10):
(11)
∇E1E1 = −λyλ2E2, ∇E1E2 = λyλ2E1 + rE3, ∇E1E3 = −rE2,
∇E2E1 = λxλ2E2 − rE3, ∇E2E2 = −λxλ2E1, ∇E2E3 = rE1,
∇E3E1 = −rE2, ∇E3E2 = rE1, ∇E3E3 = 0.
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Moreover, the frame {E1, E2} is a basis for the smooth horizontal distribution H of E(G, r).
The horizontal projection of a vector field U onto H will be denoted by Uh. A vector U is
called horizontal if U = Uh. A horizontal curve is a C∞ curve whose tangent vector lies in
the horizontal distribution. Recall that H is integrable if and only if r = 0. Denote by
J : H → H ,(12)
the anticlockwise π/2 rotation. Then, from (11), we have
(13) ∇Zξ = r(Z ∧ ξ) = −rJ(Zh) , 〈X, J(Y h)〉 = −〈Y, J(Xh)〉 .
Another direct computation from (9) and (11) gives
〈R(Ej , E3)Ej , E3〉 = −r2 , 〈R(E1, E2)Ej , E3〉 = −Ej(r) , j = 1, 2 ,(14)
〈R(E1, E3)E2, E3〉 = 0 , 〈R(E1, E2)E1, E2〉 = 3r2 −G ,(15)
where G is the Gaussian curvature of M and, in computing the last formula, we have used
that 〈[E1, E2], E3〉 = 2r. Finally, putting X = Xh + 〈X,E3〉E3, Y = Y h + 〈Y,E3〉E3,
Z = Zh + 〈Z,E3〉E3, W = W h + 〈W,E3〉E3, using (14), (15) and after a long computation,
one has
〈R(X, Y )Z,W 〉 = (G− 3r2) {〈Y, Z〉〈X,W 〉 − 〈X,Z〉〈Y,W 〉}
− (G− 4r2) {〈Y,E3〉〈Z,E3〉〈X,W 〉 − 〈X,E3〉〈Z,E3〉〈Y,W 〉
+ 〈X,E3〉〈Y, Z〉〈E3,W 〉 − 〈Y,E3〉〈X,Z〉〈E3,W 〉}(16)
+ 〈Z, J(W h)〉J((X ∧ Y )h)(r) + 〈X, J(Y h)〉J((Z ∧W )h)(r) .
Finally, from (14) and (15) we obtain the components of the Ricci curvature tensor:
(17)
Ricc(E1, E1) = G− 2r2, Ricc(E2, E2) = G− 2r2, Ricc(E3, E3) = 2r2,
Ricc(E1, E2) = 0, Ricc(E1, E3) = −ry
λ
, Ricc(E2, E3) =
rx
λ
.
3. Fundamental equations for immersed surfaces into E(G, r)
In [6], Daniel studies surfaces of BCV-spaces using the Killing submersion structure of these
spaces and emphasizing the importance of the angle φ between the normal vector field η
of the surface and the vertical Killing vector field ξ = ∂
∂z
. In particular, he obtained the
Gauss and Codazzi equations in terms of the function ν = cosφ. In this section, we follow
these ideas to obtain similar expressions of the Gauss and Codazzi equations for a surface
immersed into a Killing submersion.
Consider a simple connected and oriented surface S2 in E(G, r). Let ∇ denote the Levi-
Civita connection of S, η its unit normal vector field, A the shape operator associated to η
and K the Gaussian curvature of S. Let φ be the angle function between η and ξ defined by
〈ξ, η〉 = cosφ.
The projection of ξ over the tangent plane of S yields
(18) ξ = T + cosφ η,
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where T is the tangential component of ξ that satisfies 〈T, T 〉 = sin2 φ. Then {T, η ∧ T} is
a local orthogonal tangent frame on S and, for convenience, in the sequel we shall use its
orthonormalization (under the assumption that φ 6= 0):
(19) e1 =
T
sin φ
, e2 =
η ∧ T
sinφ
.
Moreover, with respect to the adapted frame {e1, e2, η}, the Killing vector field ξ becomes
(20) ξ = sin φ e1 + cosφ η.
Now, we can enunciate the following proposition.
Proposition 3.1. The Gauss and Codazzi equations for an immersed surface into E(G, r)
with respect to the basis (19) are given, respectively, by:
(21) K = detA+ r2 + (G− 4r2) cos2 φ− sin(2φ) e2(r),
(22)
∇e1A(e2)−∇e2A(e1)−A[e1, e2] =
[
(4r2 −G) cos φ sinφ− cos(2φ) e2(r)
]
e2
− e1(r) e1.
Proof. For the Gauss equation, we recall that
K = detA+ 〈R(e1, e2) e2, e1〉.
The term 〈R(e1, e2) e2, e1〉 can be compute by using (16), which confers
K = detA+ r2 + (G− 4r2) cos2 φ+ 2 cosφ J(ηh)(r),
where J(ηh) = − sin φ e2. So, we obtain (21). In what concerns the Codazzi equation〈∇e1A(e2)−∇e2A(e1)− A[e1, e2], Z〉 = 〈R(e1, e2)Z, η〉,
from (16) it results that
(23)


〈∇e1A(e2)−∇e2A(e1)−A[e1, e2], e1〉 = cosφ J(eh2)(r),〈∇e1A(e2)∇e2A(e1)−A[e1, e2], e2〉 = −(G− 4r2) cosφ sinφ
−J(ηh)(r) sinφ− J(eh1)(r) cosφ.
Finally, using (13) it follows that J(eh1) = cosφ e2 and cosφ J(e
h
2)(r) = −e1(r) that, substi-
tuted in (23), gives immediately (22). 
To determine the shape operator and the Levi-Civita connection of a surface immersed into
a Killing submersion E(G, r), we need the following fact.
Proposition 3.2. For any vector field X tangent to a surface S of a Killing submersion
E(G, r), it holds that:
(24) ∇XT = cosφ
(
A(X)− r η ∧X),
and
(25) 〈A(X)− r η ∧X, T 〉 = −X(cosφ).
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Proof. On one hand, we have
(26)
∇Xξ =∇X(T + cos φ η)
=∇XT + 〈A(X), T 〉 η +X(cosφ) η − cosφA(X).
On the other hand, from (7)
(27)
∇Xξ =r X ∧ ξ
=r (〈η ∧X, T 〉 η − cosφ η ∧X).
The result follows comparing the tangent and the normal parts of (26) and (27). 
Using Proposition 3.2, the matrix associated to the shape operator A, with respect to the
basis (19), takes the following form:
(28) A =

 e1(φ) e2(φ)− r
e2(φ)− r µ

 ,
where, denoting by H = traceA the mean curvature function of S, we deduce that
µ := 〈A(e2), e2〉 = H − e1(φ).
Moreover, using again Proposition 3.2, the Levi-Civita connection ∇ of S is given by:
(29)
∇e1e1 = cotφ (e2(φ)− 2r) e2, ∇e2e1 = µ cotφ e2,
∇e1e2 = − cotφ (e2(φ)− 2r) e1, ∇e2e2 = −µ cotφ e1.
4. Biharmonic constant mean curvature surfaces
In this section, we investigate proper biharmonic constant mean curvature (CMC) surfaces in
the total space of a Killing submersion. In the case of a surface S2 →֒ N3 in a 3-dimensional
space, the decomposition of the bitension field (4), with respect to its normal and tangential
components (see, for example, [4, 13]), leads to the fact that S2 is biharmonic into N3 if and
only if the mean curvature function H = traceA satisfies the system
(30)
{
∆H +H |A|2 −H Ricc(η, η) = 0
2A(gradH) +H gradH − 2H Ricc(η)⊤ = 0,
where A is the shape operator and Ricc(η)⊤ is the tangent component of the Ricci curvature
of N in the direction of the vector field η.
Let now S be an oriented, simply connected surface of a Killing submersion E(G, r) with
constant mean curvature. Without loss of generality, since our study is local, we can identify
E(G, r) with the canonical model described in Example 2.2. Let {e1, e2, η} be a local frame
adapted to the surface S (where {e1, e2} are not necessarily the frame defined in (19)). Then,
with respect to the orthonormal frame (10), we have
(31) e1 =
∑
aiEi, e2 =
∑
bi Ei, η =
∑
ciEi,
where ai, bi, ci, i = 1, 2, 3, are smooth functions locally defined on S.
Using the above adapted frame, the condition of biharmonicity of the surface S can be
explicitly formulated as described in the following proposition.
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Proposition 4.1. A CMC surface S in a Killing submersion E(G, r) is proper biharmonic
if and only if H 6= 0 and the components given in (31) of the local frame {e1, e2, η} satisfy
(32)


(G− 2r2) + (4r2 −G) c23 +
2c3 (c2 rx − c1 ry)
λ
− |A|2 = 0,
(4r2 −G) c3 a3 + [rx (c2 a3 + c3 a2)− ry (c1 a3 + c3 a1)]
λ
= 0,
(4r2 −G) c3 b3 + [rx (c2 b3 + c3 b2)− ry (c1 b3 + c3 b1)]
λ
= 0.
Proof. A straightforward computation, using (17) and the basis (31), gives
(33)
(Ricc(η))T =
2∑
i=1
Ricc(η, ei) ei
=
(
(4r2 −G) c3 a3 + [rx (c2 a3 + c3 a2)− ry (c1 a3 + c3 a1)]
λ
)
e1
+
(
(4r2 −G) c3 b3 + [rx (c2 b3 + c3 b2)− ry (c1 b3 + c3 b1)]
λ
)
e2
:=A˜ e1 + B˜ e2
and
(34) Ricc(η, η) = (G− 2r2) + (4r2 −G) c23 +
2c3 (c2 rx − c1 ry)
λ
.
So, from (30), it follows that the surface S is proper biharmonic if and only if the system

(G− 2r2) + (4r2 −G) c23 +
2c3 (c2 rx − c1 ry)
λ
− |A|2 = 0,
A˜ = 0,
B˜ = 0,
is satisfied. 
Remark 4.2. Note that there is no proper biharmonic CMC surface S in a Killing submer-
sion E(G, r) with φ ≡ 0 on a open subset of S. In fact, if φ ≡ 0, we have that ξ = η (i.e.
c3 = 1) on the open subset. Therefore, the distribution determined by E1 and E2 should be
integrable and, hence, involutive. As
[E1, E2] =
λx
λ2
E1 +
λy
λ2
E2 + 2r E3,
it follows that r = 0. Substituting in the first equation of (32), we have that |A| = 0, i.e.
the surface is totally geodesic and, consequently, minimal.
Remark 4.3. From Proposition 4.1 and
grad(r) = E1(r)E1 + E2(r)E2 =
rx
λ
E1 +
ry
λ
E2,
we deduce that if S is a proper biharmonic surface in E(G, r), then
(35) 0 = A˜ b3 − B˜ a3 = c3 (c1 rx + c2 ry)
λ
= cos φ 〈grad(r), η〉.
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Now, assume that φ 6= π/2, 0 on a open set of S and that grad(r) 6= 0 on the same open
set. Then, grad(r) is locally tangent to the surface S. Consequently, we can choose the local
orthonormal adapted frame {e1, e2, η} such that {e1, e2} is the frame defined in (19) and
(36) e2 =
grad(r)
| grad(r)| .
In fact, with this choice for e2, using the notation of (31), we have:
b1 =
rx
λ | grad(r)| , b2 =
ry
λ | grad(r)| , b3 = 0,
Moreover, since b3 = 0, a
2
3 + c
2
3 = 1, as c3 = cosφ, we must have that a3 = sinφ. Then, it is
easy to check that:
(37)
{
e1 = − cosφ Je2 + sinφ ξ,
η = sinφ Je2 + cosφ ξ,
from which it follows that sinφ e1 = −η cosφ + ξ and, consequently, sin φ e1 = T . Finally,
system (32) becomes
(38)


G− 2r2 + (4r2 −G) cos2 φ+ | grad(r)| sin(2φ)− |A|2 = 0,
(G− 4r2)sin(2φ)
2
+ | grad(r)| cos(2φ) = 0.
As a first consequence of (38), we have the following non existence result of proper biharmonic
CMC surfaces.
Proposition 4.4. Let S be a CMC surface in a Killing submersion E(G, r) and assume that
G− 4r2 ≡ 0 and | grad(r)| 6= 0 on S. Then, S cannot be proper biharmonic.
Proof. Under the hypothesis, the second equation of system (38) implies that cos(2φ) = 0
(i.e. φ ∈ {π/4, 3π/4}), and the first equation of the system (38) reduces to
|A|2 = 2r2 ± | grad(r)|.
On the other hand, from (28) with φ constant, we have
|A|2 = 2r2 + µ2, H = µ 6= 0.
Then, the case φ = 3π/4 does not occur and | grad(r)| = H2 = constant. Since e1(r) = 0
and e2(r) = | grad(r)|, we conclude, using e1 e2(r)− e2 e1(r) = (∇e1e2 −∇e2e1)(r) and (29),
that
(39) 0 = e1(|grad(r)|) = −µ | grad(r)|,
contradicting the hypothesis that | grad(r)| 6= 0. 
5. The proof of Theorem 1.1
5.1. Proof of a). Under the condition φ ≡ π/2, system (32) becomes:
(40)


|A|2 = G− 2r2,
a3 (c2 rx − c1 ry) = 0,
b3 (c2 rx − c1 ry) = 0.
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From the last two equations of (40), we obtain that
(41) c2 rx − c1 ry = 0.
Since η is orthogonal to ξ, we can suppose that the basis {e1, e2, η} is given by
e1 = a˜ E1 + b˜ E2, e2 = ξ, η = b˜ E1 − a˜ E2,
with a˜2+ b˜2 = 1. To prove that the surface is locally a Hopf tube, it is sufficient to show that
e1 and η are constant along the orbits of the Killing vector field ξ, that is e2(a˜) = e2(b˜) = 0.
To this end, we first observe that (11) yields
(42)
∇e1η =
(
e1(b˜) +
a˜ (b˜ λx − a˜ λy)
λ2
)
E1
+
(
− e1(a˜) + b˜ (b˜ λx − a˜ λy)
λ2
)
E2 − r E3
and
(43) ∇e2η = e2(b˜)E1 − e2(a˜)E2 − r e1.
Also, the condition a˜2 + b˜2 = 1 gives
e2(a˜) = −a˜b˜ e2(b˜) + b˜2 e2(a˜), e2(b˜) = −a˜b˜ e2(a˜) + a˜2 e2(b˜)
and, so
e2(b˜)E1 − e2(a˜)E2 = (a˜ e2(b˜)− b˜ e2(a˜)) e1.
Thus, substituting in (42) and (43), it results that
(44)
∇e1η =
(
a˜ e1(b˜)− b˜ e1(a˜) + b˜λx − a˜λy
λ2
)
e1 − r e2,
∇e2η = (a˜ e2(b˜)− b˜ e2(a˜)− r) e1.
By using (44), we obtain
r = −〈∇e1η, e2〉 = −〈∇e2η, e1〉 = r − a˜ e2(b˜) + b˜ e2(a˜).
The latter implies a˜ e2(b˜) + b˜ e2(a˜) = 0 that, together with a˜ e2(a˜) + b e2(b˜) = 0, imply
e2(a˜) = e2(b˜) = 0, as desired. Then, the statement a) follows from Theorem 6.1.
Remark 5.1. If φ 6= π/2, locally the surface can be considered as a graph over an open set
Ω of the base space M ⊂ E(G, r):
S(x, y) = (x, y, z(x, y)), (x, y) ∈ Ω.
As the functions r and G are constant with respect to the z-coordinate, we conclude that if
r and G are constant along the surface, then they must be constant on a open set of E(G, r).
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5.2. Proof of b1). With the condition r ≡ constant on S, system (32) becomes
(45)


(G− 2r2) + (4r2 −G) c23 − |A|2 = 0,
a3 c3 (4r
2 −G) = 0,
b3 c3 (4r
2 −G) = 0.
Therefore, we have two possibilities.
(1) If G 6= 4r2 over S, then a3 = b3 = 0 and |c3| = 1. So Span{e1, e2} = Span{E1, E2}.
Consequently, the distribution determined by E1 and E2 is integrable and, hence, is
involutive. As
[E1, E2] =
λx
λ2
E1 +
λy
λ2
E2 + 2r E3,
it follows that r = 0. Thus, the first equation of (45) implies that |A| = 0, i.e. the
surface is totally geodesic and, consequently, it’s minimal.
(2) If G = 4r2 ≡ constant over S, from the Remark 5.1 we conclude that r and G
are constant on a open set U of E(G, r). This implies that U is an open set of
a Bianchi-Cartan-Vranceanu space with G = 4r2. From the classification of the
Bianchi-Cartan-Vranceanu spaces, we deduce that U is an open set of either R3 or
S
3. Moreover, system (45) gives |A|2 = 2r2. Now the result announced in b1) follows
immediately from the non existence of proper biharmonic surfaces in R3 (see [5]) and
the classification of proper biharmonic surfaces in S3 given in [3].
5.3. Proof of b2). First of all, with respect to the adapted local frame {e1, e2, η} described
in (36) and (37), the Gauss and Codazzi equations of Proposition 3.1, taking into account
(37), are given, respectively, by:
(46) K = detA− |A|2 +G− r2,
(47) ∇e1A(e2)−∇e2A(e1) = A[e1, e2].
Now, according to Proposition 4.4, we can assume that G − 4r2 6= 0 on S. The second
equation of (38) gives immediately that tan(2φ) = 2| grad(r)|/(4r2 −G), from which we can
eliminate G from the first equation of (38) which becomes equivalent to
(48)


|A|2 = 2r2 + | grad(r)| tanφ,
tan(2φ) =
2| grad(r)|
4r2 −G .
Taking into account (28) and µ = H − e1(φ), we have that
(49) |A|2 = 2 (e1(φ)2 + e2(φ)2) +H2 + 2r2 − 4r e2(φ)− 2H e1(φ).
A straightforward computation, using (28) and (29), shows that the e2 component of the
Codazzi equation (47) is given by:
(50)
2
(
e1(φ)
2 + e2(φ)
2
)
+H2 − 3H e1(φ)− 6r e2(φ) + 4r2
− tan(φ)(e2 e2(φ) + e1 e1(φ)− | grad(r)|) = 0.
Then, combining (49) and (50), we get
(51) |A|2 = tanφ (e1e1(φ) + e2e2(φ)− | grad(r)|)− 2r2 + 2r e2(φ) +H e1(φ),
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that, together with (48), turns over
(52) 2 |A|2 = tanφ (e1e1(φ) + e2e2(φ)) + 2r e2(φ) +H e1(φ).
So, (6) is obtained observing that
(53)
∆(φ) = e1e1(φ) + e2e2(φ)− (∇e1e1)(φ)− (∇e2e2)(φ)
= e1e1(φ) + e2e2(φ)− cot(φ)
[| grad(φ)|2 − (2r e2(φ) +H e1(φ))].
6. Biharmonic Hopf tubes
Following [13], let S be an Hopf tube of a Riemannian submersion π : (N3, g)→ (M2, h) with
totally geodesic fibers. Denote by α : I → (M2, h) the base curve of S, by β : I → (N3, h)
its horizontal lift and consider the Frenet frame of β given by {e1 := β ′, e2, η}, with η being
the unit normal vector of S. Then, it is proved in [13] that S is proper biharmonic if and
only if
(54)


κ′′g − κg(κ2g + 2τ 2g ) + κgRiccN(η, η) = 0,
3κ′gκg − κgRiccN(η, e1) = 0,
κ′g τ
′
g + κgRicc
N (η, e2) = 0,
where κg and τg are the geodesic curvature and geodesic torsion of β.
Using (54) we obtain the following classification of proper biharmonic Hopf tubes of a Killing
submersion.
Theorem 6.1. Let S be a Hopf tube of a Killing submersion E(G, r). Then, S is proper
biharmonic if and only if G, r and the mean curvature function H are constant along S and
they satisfy
H2 = G− 4r2.
Proof. Let α(s) = (x(s), y(s)) be a curve parametrized by arc length in M2, with geodesic
curvature κg. Taking the horizontal lifts of the tangent and the normal vectors fields of α
we have, respectively,
e1 = λ x
′E1 + λ y
′E2, η = λ y
′E1 − λ x′E2,
that, together with e2 = E3, form an orthonormal frame adapted to the Hopf tube.
In this basis, the normal and tangent components of Ricc(η) are
(55) Ricc(η, η) = G− 2r2, Ricc(η, e1) = 0, Ricc(η, e2) = −(x′ rx + y′ ry).
Also, the geodesic torsion of the horizontal lift β(s) of α(s) is
(56) τg(s) = −〈∇e1e2, η〉 = −r(α(s)),
and, since ∇e2e2 = 0, the mean curvature function of S is given by
(57) H = 〈∇e1e1, η〉 = κg.
Substituting (55) and (56) in (54), we obtain
(58)


κ′′g − κ3g + (G− 4r2) κg = 0
κg κ
′
g = 0
r κ′g + (x
′ rx + y
′ ry) κg = 0
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Therefore, from the second equation in (58), since S is proper, we deduce that kg = c 6= 0,
c ∈ R. Moreover the first equation gives c2 = G − 4r2. Thus, the Hopf tube is proper
biharmonic if and only if
(59)
{
H2 = G− 4r2,
(x′ rx + y
′ ry) = 0.
The result follows observing that (x′ rx + y
′ ry) = 0 is equivalent to r ≡ constant along the
curve α and, so, along the surface. 
Example 6.2. Take Ω = (ε1, ε2)× (0, 2π). Consider a constant r and any smooth function
f : (ε1, ε2)→ R such that there exists t0 ∈ (ε1, ε2) with f [f ′′(t0) + 4r2f(t0)] + (f ′(t0))2 = 0.
Define on Ω the metric ds2 = dt2 + f 2(t)dϑ2 and the curve γ(s) := (t0, s/f(t0) + µ), µ ∈ R.
Then, γ is a curve in M = (Ω, ds2) with constant geodesic curvature κg = f
′(t0)/f(t0)
and the Gaussian curvature of M is constant along γ given by G = −f ′′(t0)/f(t0). Using
Theorem 6.1 we conclude that the Hopf cylinder shaped on γ is a proper biharmonic surface
in E(G, r).
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